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Possibly Useful Information
Handy Integrals:
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Geometric Series:
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Stirling’s approximation:
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Riemann and related functions:

for |z| <1

The function Li,(z) is the polylog function, and it is sometimes referred to
in statistical mechanics using the ¢ and f functions as noted above.

gp(l) = C(p) fp(l) = C(_p)

(1) = o0 ((—1) = 0.0833333
¢(2) = 1.64493 ((=2)=0
¢(3) = 1.20206 ¢((—3) = 0.0083333
C(4) = 1.08232 C(—4) =0



Classical Mechanics

1. A uniform sphere of radius R and mass m encounters a step of height
h, where h < R. At all times it rolls without slipping.

(a) Consider the case on the left where the sphere is at rest, touching
the edge of the step (figure (a)).

i. Calculate the magnitude of the force £y that must be applied
in the horizontal direction, tangent to the sphere, in order to
push the sphere over the step. (2 points)

ii. Calculate the magnitude of the force on the sphere from the
edge of the step at the point of contact. (2 points)

(b) Consider the case where the sphere starts with speed vy and you
do not apply an external force. What is the minimum value of v
that will allow the ball to mount the step, and continue rolling
along the surface, as shown in figure (b)? Assume that there is no
slipping at the point of contact between the sphere and the step.
(Note: this is not a trivial conservation of energy problem, since
the collision with the step is inelastic.) (6 points)
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2. A light, perfectly elastic ball (e.g. a ping-pong ball) is dropped from
a large height on to a flat, horizontal surface. The acceleration due to
gravity can be taken as a constant, g. The ball reaches its terminal
velocity, vy and then rebounds elastically from the ground at time ¢t =
0. The effect of air friction can be modelled by a velocity dependent
damping force:

Ffric = _ﬁv(t) = _ﬁy(t)
(a) Derive an expresion for vg as a function of 3, m, and ¢. (1 points)

(b) Calculate v(t) for 0 < ¢ < t3, where t, is the time of the next
bounce. (5 points)

(¢) Given that the ball rebounds to a maximum height &, calculate a
value for (3 from m, h, and ¢g. (4 points)



3. Consider the Lagrangian for the harmonic oscillator with generalized

coordinate ¢:
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Explicitly derive the Hamiltonian from the Lagrangian. Do not
simply state a result. (1 point)

Write the Hamilton-Jacobi differential equation for the system.
(2 points)

Use the separation ansatz for the action, S = S1(t) + S2(¢q) to
obtain differential equations for S; and S3. (2 points)

Solve your equations for S7 and S;. (2 points)

Invert your results to find an expression for ¢(t), using w = \/k/m.
(2 points)

Are your results consistent with your knowledge of the harmonic
oscillator? Discuss. (1 point)



Statistical Mechanics

4. Consider a certain hard sphere model of a gas of N particles in which
we have an “excluded volume term.” The entropy in this case can be
given as:

U
eg N2
Here b represents the volume of one gas particle, V' is the volume of
the container, U is the internal energy of the gas, and & is Boltzmann’s

S(U,V,N)= NkIn |(V — Nb)

constant. The constant ¢, has dimensions of energy x volume, and is
included to keep the argument of the logarithm dimensionless.

(a) Does this system satisfy the third law of thermodynamics (i.e.
does the entropy of the system go to zero as the temperature goes
to zero)? Prove your answer. (3 points)

(b) What is the specific heat at constant volume for this gas? (2
points)

(c) A gas with Ny particles with total energy U; in a volume V] has
an excluded volume/particle of b;. It is separated by a moveable,
insulating piston from a second gas of N, particles with total en-
ergy U in a volume V, and an excluded volume/particle of bs.
The piston is allowed to move so that Vi, = Vi 4+ V5 is a constant,
but V; and V5 can change. What is the value of V; in equilibrium?
(5 points)

Insulating piston
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5. A crystalline solid contains N similar, immobile, statistically indepen-
dent defects. Each defect has 5 possible states sy, s9,...s5. The ener-
gies of the states are given by Fy = Fy, =0, and K3 = Fy = F5 = A.

(a) Find the partition function for the defects as a function of their
number, and the temperature 7. (3 points)

(b) Find the defect contribution to the entropy of the crystal as a
function of A and the temperature T. (4 points)

(c) Without doing a detailed calculation state the contribution to the
internal energy due to the defects in the limit &7 >> A . Explain
your reasoning. (3 points)



6. Consider a set (N >> 1) of spinless bosons confined in a harmonic
oscillator potential. The characteristic frequency of the harmonic po-
tential is wp, and hwy << kT, where T' is the temperature and k is
Boltzmann’s constant.

(a) Assuming the system is one dimensional, so that the energy of the
system is given by E = hwo(n 4 1/2), calculate N(T,V, u), in the
above limit, where p is the chemical potential. (3 points)

(b) Show that there is no Bose-Einstein transition for this system in
1D. (1 points)

(c) Assuming the system is two dimensional, calculate N(T,V,pu),
again in the limit iwg << kT. (3 points)

(d) Show that there is a Bose-Einstein transtion and calculate the
critical temperature as a function of the number of particles. (Do
not simply quote a result.) (3 points)



