Classical Mechanics and Statistical

Mechanics/Thermodynamics
August 2019

Please adhere to the following:

¢ Use only the blank answer paper provided.

Use only the reference material supplied.

Use only one side of the answer paper.

e Put your alias (and NOT your real name) on every page.

After you have completed a problem, put three numbers on every page used for that
problem:

1. The first number is the problem number.

2. The second number is the page number for that problem (please start each
problem with page number “17).

3. The third number is the total number of pages you used to answer that problem.

Do not staple your exam nor the individual problems.



Problem 1:

A particle with a mass of m is doing one-dimensional motion under the influence of a
force F(z) = —kz + kz? /a®, where k and a are positive constants. Assume the particle
starts at time ¢ = 0 at = 0 with velocity v, — alk/(2m)]'/?/8 going in the positive
z-direction.

(a) (2 points) Carefully sketch the corresponding potential U(x).

(b) (1 point) What is the energy of the system?

(c) (3 points) Calculate the turning points.

(d) (2 points) Sketch the behavior of (t) and &(t) in the short time limit. Define what
“short time limit” refers to in this context.

You can approach this question mathematically or physically. In either approach, clearly
state your assumptions and reasoning.

(e) (2 points) Is it straightforward to obtain a general solution to this problem or not?

If your answer is “yes”, derive the general solution. If your answer is “no”, concisely state
why this is, in your understanding, not straightforward.



Problem 2:

A ring with a mass of m can slide freely without friction on g smooth straight horizontal
rod fixed in position (along the z-axis). A point object with mass A/ is attached to the
ring by a massless string of length L. The object with mass M is initially placed in contact
with the rod at z = L so the string is held tight. The object is then released and falls dye
to gravity near the surface of the earth and as it falls the string makes an angle 6 with
respect to the z-axis as shown (see the schematic on the next page).

(a) (1 point) Derive an expression for the distance d, which determines the position of
the ring as it moves along the z-axis starting from its initial position z = 0 at timet =0
as a function of M, m, L, and 6.

(b) (2 points) Define the location of the rod as the zero of potential energy and write
the Langrangian for this system.

(c) (2 points) Obtain the Lagrange equation of motion for the angle 6.

(d) (2 points) Find an expression for the only constant of motion in the system in terms
of @ and 4.

(e) (3 points) For the special case where m = M, calculate the tension in the string
when 6 = 30°.
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Problem 3:

A single particle of mass m is confined to the zy-plane and subjected to a potential energy:
U(r) =0for r < a and U(r) = oo for r > a.

(a) (1 point) Find the Lagrangian in plane polar coordinates (r,0).
(b) (1 point) Find the canonical momenta (p,, ps) and the Hamiltonian for the system.

(c) (2 points) Find the conserved quantities and expressions for them. Either prove math-
ematically or explain why they are conserved.

(d) (2 points) Find the action variable for the ¢ coordinate.
(e) (1 point) Express p, only as a function of r and constants.

(f) (1 point) For a given energy E, what are the minimum and maximum values of r
accessible by the particle?

(g) (2 points) Set up the integral for the action variable for the r coordinate. You do
not have to solve it.
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Problem 4:

A cylindrical container of length L is separated into two compartments by a thin pis-
ton, originally clamped at a position L/3 from the left end. The left compartment is filled
with 1 mole of helium gas at 5 atm of pressure; the right compartment is filled with argon
gas at 1 atm of pressure. These gases may be considered ideal. The cylinder is submerged
in 1 liter of water, and the entire system is initially at the uniform temperature of 25 °C,
and thermally isolated from the surroundings. The heat capacities of the cylinder and the
piston may be neglected. The thickness of the piston can also be neglected. When the
piston is unclamped, the system ultimately reaches a new equilibrium situation. See the
schematic above. The (ideal, molar, universal) gas constant R is equal to 8.314 J (mol K)3,

(a) (3 points) What is the change in the temperature of the water?
(b) (3 points) How far from the left end of the cylinder will the piston come to rest?

(¢) (2 points) Starting from
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find the total increase in the entropy of the system.

(d) (2 points) Now consider a slightly different situation, in which the left side of the
cylinder contains 5 moles of real (not ideal) gas, with attractive intermolecular interac-
tions. The right side still contains 1 mole of an ideal gas. As before, the piston is initially
clamped at a position L/3 from the left end. When the piston is unclamped and released,
does the temperature of the water increase, decrease, or stay the same? Does the internal
energy of the gas increase, decrease, or remain the same? Explain your reasoning.



Problem 5:
Please provide concise answers to the following questions/points.

(a) (2 points) How do we make sense of negative temperature? Illustrate your answer
with an example.

(b) (2 points) Draw the equation of state of the ideal gas and the van der Waals gas
in a P-V-diagram for several temperatures. Make sure that your sketches reveal the key
physics of the systems described by these equations of state.

(c) (1 point) What does the term “mechanical equilibrium” refer to? Illustrate your ex-
planation with an example.

(d) (1 point) What does the term “thermal equilibrium” refer to? Illustrate your ex-
planation with an example.

(e) (1 point) What does the term “chemical equilibrium” refer to? TIllustrate your ex-
planation with an example.

(f) (1 point) What do the terms “isobaric”, “isothermal”, “adiabatic”, “isochoric”, and
“closed”—if used in the context of thermodynamics—refer to?

(g) (1 point) Explain the meaning of “extensive variable” and “intensive variable”. II-
lustrate your explanation with an example.

(h) (1 point) What does the term “phase space” refer to?




Problem 6:

The non-interacting Ising model, i.e., N non-interacting magnetic moments with mag-
nitude m, is defined through the Hamiltonian

H= i mBo;, (2)

i=1

where o; can take the values —1 or +1, depending on whether the i-th magnetic moment
is parallel or anti-parallel to the external magnetic field of strength B. The magnetic mo-
ments are assumed to be fixed in space, with the only degree of freedom being the “up”
and “down” orientations. Let the total energy of the system be £ = mBK, where K is an
integer.

(a) (3 points) Calculate the number of micro states of the system for a fixed K.

(b) (3 points) Using your results from (a), calculate the entropy of the system.

Hint: The expression log(a!) = aloga — a + O(loga), where log is the natural logarithm
[i.e., log(e*) = z], might be useful. The notation “O(loga)” indicates “corrections of the
order of loga and higher”.

(c) (3 points) Using your result from (b), calculate the energy in terms of the temper-
ature.

Hint: You might encounter an equation of the form y = (1+4+2)/(1 —x), where y =
exp[—2mB/(kT)] and z = E/(NmB). You can easily check that this equation has the
solution z = (y — 1)/(y + 1).

(d) (1 point) Sketch the energy per particle as a function of temperature (if you wish,
you may choose to make a plot as a function of 1 /T). Does your plot make sense?



