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Quantum Mechanics
Qualifying Exam–January 2012

Notes and Instructions:

• There are 6 problems and 7 pages.

• Be sure to write your alias at the top of every page.

• Number each page with the problem number, and page number of your
solution (e.g. “Problem 3, p. 1/4” is the first page of a four page solution
to problem 3).

• You must show all your work.

Possibly useful formulas:
Pauli spin matrices:

σx =

(

0 1
1 0

)

, σy =

(

0 −i
i 0

)

, σz =

(

1 0
0 −1

)

One-dimensional simple harmonic oscillator operators:

X =

√

h̄

2mω
(a+ a†)

P = −i
√

h̄mω

2
(a− a†)

Spherical Harmonics:

Y 0
0 (θ, ϕ) = 1√

4π

Y 1
1 (θ, ϕ) = − 3√

8π
sin θ eiϕ

Y 0
1 (θ, ϕ) = 3√

4π
cos θ

Y −1
1 (θ, ϕ) = 3√

8π
sin θ e−iϕ

Y 2
2 (θ, ϕ) = 5√

96π
3 sin2 θ e2iϕ

Y 1
2 (θ, ϕ) = − 5√

24π
3 sin θ cos θ eiϕ

Y 0
2 (θ, ϕ) = 5√

4π

(

3
2 cos2 θ − 1

2

)

Y −1
2 (θ, ϕ) = 5√

24π
3 sin θ cos θ e−iϕ

Y −2
2 (θ, ϕ) = 5√

96π
3 sin2 θ e−2iϕ

In spherical coordinates, the Laplacian is

∇2 =
1

r2
∂

∂r
(r2

∂

∂r
) +

1

r2 sin θ

∂

∂θ
(sin θ

∂

∂θ
) +

1

r2 sin2 θ

∂2

∂φ2
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PROBLEM 1: Stationary States

For a quantum system with a time independent Hamiltonian (H), the wave
function (Ψ(x, t)) is a linear combination of stationary state solutions (Ψn(x, t))
to the Schrödinger equation:

Ψn(x, t) = un(x) exp (−iEnt/h̄)

where un(x) are eigenfunctions of the Hamiltonian

Hun(x) = Enun(x)

and they form a complete orthonormal basis.

(a) Evaluate the uncertainty in the energy for a system in a stationary state
with the wave function Ψ(x, t) = Ψn(x, t). [Show all work.] (2 Points)

(b) Derive the time evolution operator U(t, t0) in terms of the Hamiltonian (H),
and apply it to a stationary state Ψn(x, t0 = 0). Describe the change in the
stationary state. (2 Points)

Now consider a particle that starts out in a normalized wave function

Ψ(x, 0) = c1u1(x) + c2u2(x)

where the un(x) are real eigenfunctions of the Hamiltonian and cn are real.

(c) Determine an expression for the wave function Ψ(x, t) at subsequent times.
(2 Points)

(d) Evaluate the probability density and describe its motion in time. (3 Points)

(e) Determine the uncertainty in the energy ∆E with ∆t = τ that is the period
of oscillation in (d). (1 Points)
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PROBLEM 2: Dirac Notation in Quantum Mechanics

Consider the kets |an〉 as the eigenstates of an observable operator A

A|an〉 = an|an〉 .

Assume that |an〉 form a discrete orthonormal basis in the vector space. Define
an operator U(m,n) as

U(m,n) = |am〉〈an|.

(a) Show that U(m,n) is an Hermitian operator. Calculate the commutator
[A,U(m,n)]. [2 Points]

(b) For a generic operator with matrix elements Bmn = 〈am|B|an〉, show that

B =
∑

mn

BmnU(m,n).

[2 Points]

(c) Assume the Hamiltonian of a three-level system

H = H12U(1, 2) +H21U(2, 1) +H23U(2, 3) +H32U(3, 2)

where H12 = H23, and H21 = H32 are complex numbers with dimension of
energy. Find the eigenvectors and the eigenvalues of the Hamiltonian in the
|an〉 basis. [4 Points]

(d) Assuming the Hamiltonian above, and n = 1, 2, 3, find the condition where
the observable operator A is time independent. [2 Points]
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PROBLEM 3: Harmonic Oscillator

A particle of mass m is under the influence of the following potential

V (x) = V0

√

A2 + x2

where V0 and A are constants. For small displacements x≪ A this potential can
be approximated by a simple harmonic oscillator.

(a) Determine the lowest energy this particle can have in terms of h̄, m, V0 and
a for x≪ A. (2 Points)

Now consider the Hamiltonian describing the true one-dimensional harmonic
oscillator

H =
P2

2m
+

1

2
kX2

with eigenstates

H|n〉 = En|n〉 n = 0, 1, 2, · · · .

(b) Using commutation relations, calculate the equations of motion for P and
X in the Heisenberg picture. (Find Ẋ and Ṗ .) (2 Points)

(c) Solve for P (t) andX(t) in terms of P (0) andX(0) and show that [X(t),X(0)] 6=
0 for t 6= 0. (2 Points)

A harmonic oscillator system is known to be in the state

|ψ〉 =
1√
2
(|0〉 + |3〉)

where |0〉 and |3〉 are the normalized ground state and the third excited state of
the harmonic oscillator respectively.

(d) What is the value of n > 0 for the first non-zero value of 〈Xn〉 with the state
vector |psi〉? (2 Points)

(e) What is the expectation value 〈X3〉 with the state vector |ψ〉? (2 Points)
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PROBLEM 4: Angular Momentum

The hydrogen atom including hyperfine splitting can be described by a Hamil-
tonian

H =
P2

p

2mp

+
P2

e

2me

− e2

r
+ HHF

where HHF = A~Sp · ~Se describes the spin-spin or hyperfine interaction and the

total spin angular momentum is given by ~S = ~Sp + ~Se. The subscripts (p and e)
refer to proton and electron, respectively

(a) Write down the form of the spin-spin direct product state vectors. What are
the “good”, i.e. diagonal operators for this set of state vectors? [2 points]

(b) Write down the form of the “total-s” state vectors. What are the “good”,
i.e. diagonal operators for this set of state vectors? [2 points]

(c) Choosing an appropriate set of state vectors, calculate theHHF energy eigen-
values, and the energy splitting due to the hyperfine interaction. [5 points]

(d) If the photon wavelength (λ) is 21 cm from the hyperfine transition, evaluate
the constant A in HHF . Hint: h̄c = 1.97 × 10−5

eV·cm. [1 point]
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PROBLEM 5: Interaction Picture

There is a 3rd ’picture’ in quantum mechanics in addition to the Schrödinger
and Heisenberg pictures that is often used. This picture is called the interaction
picture. The interaction picture is related to the Schrödinger picture through the
following unitary transformation for a Hamiltonian, H = H0 + V .

ΨI(x, t) = U−1
0 ΨS(x, t)

where

U0 = e−
i

h̄
(t−t0)H0 .

The Hamiltonian H0 is assumed to be time independent, V is considered to be
small in comparison to H0, I denotes interaction picture and S denotes Schrödinger
picture, t0 is the time when the two pictures coincide (you can take this to be
t0 = 0) and t is the time from when the two pictures coincide.

(a) Use this information to find the equation, analogous to the Schrödinger
equation, that gives the time evolution for ΨI . To receive full credit justify
all steps. (4 Points)

(b) How are operators in the interaction picture (ΩI) and the Schrödinger pic-
ture (ΩS) related? (2 Points)

(c) These 2 pictures are related to each other through a unitary transformation.
In general, what is a unitary transformation and what are the important
quantities that a unitary transformation preserves? (3 Points)

(d) Why do you think this is called the interaction picture? Why is it useful?
To receive credit you must explain how the name relates to the dynamics.
(1 Points)
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PROBLEM 6: Stationary Perturbation Theory

Let us consider the Hamiltonian H for a harmonic oscillator with a charged
particle in a constant electric field (E):

H = H0 + H1

H0 =
P2

2m
+

1

2
kX2 and

H1 = λX

where λ = qE and q is the electric charge.
The non-perturbed Hamiltonian has the following eigenvalue equation

H0|n〉 = E(0)
n |n(0)〉 , E(0)

n = h̄ω(n+
1

2
) and ω =

√

k/m .

(a) Apply perturbation theory and determine the first order energy E
(1)
n . [2

Points]

(b) Apply perturbation theory and evaluate the second order energy E
(2)
n . [3

Points]

(c) Solve this problem exactly and find the energy En. [3 Points]

(d) Determine the eigenvector to the first order |n〉 = |n(0)〉 + |n(1)〉. [2 Points]


